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Using the matrix theory, a general type of inequalities for P1 and P1 is derived. The results ob- 
tained for P1 are the same as those derived by Karle & Hauptman.  

1. I n t r o d u c t i o n  

Since Harker  & Kasper  (1948) derived inequali t ies 
among the structure factors, the same problem has 
been examined by  m a n y  authors. Based upon the fact 
tha t  the electron densities are non-negative,  Kar le  & 
H a u p t m a n  (1950) derived some general l imita t ions  to 
be imposed upon the relations among the structure 
factors. Using their  method,  Bouman  (1956) derived 
a complete set of fundamenta l  inequali t ies for the 
structure factors possessing a centre of symmetry .  
The present  paper  will show tha t  the same relations can 
be derived in a more compact  form by  means  of the 
mat~rix representat ion of the Fourier  t ransformat ion 
between the structure factors and electron densities. 

2. R e p r e s e n t a t i o n  i n  m a t r i x  f o r m  

For the sake of s impl ic i ty  we shall  t reat  the one- 
dimensional  case, though the method can be ex- 
tended to the cases of more than  one dimension with- 
out encountering any  great difficulty. The electron 
densi ty  ~ (x) in the uni t  of the length L is represented by  

1 +co 
~(x) = ~  ~v F h e x  p[27dhx],  h = O , ± l , + 2 , . . . ;  

- ½ < x < ~ .  (1) 

Let us divide our uni t  cell into ( 2 N + l )  equal  ranges, 
A = - L / ( 2 N ÷ I ) .  Then the following formula ap- 

proaches to equat ion (1) asympto t ica l ly  with increase 
of the number  of division: 

.~Y Fh exp 2~ih  
(2N + 1)A h = - l v  

h, r = - N ,  . . ., O, . . ., N . (2) 
Defining 

r • 

(2) is replaced by  

1 Z F ~ e x p  2~i  hr 
~r  - 2 N  + 1 h = - ~ v  ' 

h, r = - N ,  . . . ,  0 . . . .  , N . (3) 

The Fourier  series (3) can now be represented in terms 
of a (2N÷l ) -d imens iona l  ma t r i x  product  as follows: 

= U F U  - ~  , (4) 
where 

= 

- Q-~v 

~0 

Qr 

(5) 
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F _ 

and 

U 

1 
2 N + l  

Fo F_I  . . .  F_~v F~  . . .  F 2 F  1 

F 1 F o . . .  F_~v+~ F_~v . . .  F 3 F2 
. . . . . . . .  . .  . . . .  . . . . . .  , . . . . . . . . . .  

F _ l  F_~ . . .  2"~ F~v-1 . . .  F1 F0 
(6) 

(2) N ( N - 1 )  . . .  O) - 3 r 2  -- 

(O(~V--1)N CO(~V--D2 . . .  C O - - ( ~ - - D  Cv 

1 [ (DN2 

V(2N+I) • • • • ,  • • ,  • • • • • • , , ,  , • ,  ° , ,  • ,  • 

(_D - N 2  0 , ) - -N(N--1)  , . 09 N2 

I l/. co exp L 2 N + l J /  (7) 

~), F and U = ~-1  are the diagonal, cyclic and un i t a ry  
matrices respectively• 

F = R F R  -1 ,  where R = U - 1 T U .  (11) 

Thus we see F is invar iant  under  the t ransformat ion  R.  
Therefore, we can reduce our mat r ix  F to the direct 
sum of part ia l  matrices which belong respectively to 
different eigenvalues of R, because F and R are com- 
muta t ive  with each other• 

In  the case of centrosymmetr ic  s t ructures  Or---- 
0-~, T is found to be as follows: 

T =  T - I =  

Then R is 

0 

1 

1 
1 

and 

0 

T 2 = 1 .  (12) 

R = U - 1 T U  = T = R -1 and R 2 = 1 . (13) 

3. The derivat ion of a general  type of inequal i ty  
for P1 

The expression (4) indicates the fact t ha t  the cyclic 
mat r ix  F composed of the s t ructure factors has the 
eigenvalues Or when it is diagonalized by  the un i t a ry  
t ransformat ion  U. Now, the diagonal matr ix  0 is 
Hermi t ian  and non-negative because the eigenvalues 
are all real and non-negative• Therefore, the mat r ix  
F is also Hermi t ian  and non-negative by virtue of the 
well known fact t ha t  the Hermi t ian  and non-negative 
characters of any  mat r ix  are invar iant  under  un i ta ry  
t ransformation.  The postulate  for F to be Hermit ian  
corresponds to the well known Friedel law- 

Fh = 2"*-h • (8) 

On the  other hand,  the non-negative character  of F 
directly leads to the following inequalities: 

Fh~-h~ Fh~-h2 . . .  F h l - ~  

>_0 ( n =  1 , 2 , 3 , . . . ) .  
, . , , , ,  , ,  , , ,  , , ,  , . . . , ,  . 

F~_h  1 F~_h~ . . .  Fhn_ ~ (9) 

Relat ion (9) is nothing but  what  Karle & H a u p t m a n  
derived for P1. 

4. T h e  derivat ion of a general  type of inequal i ty  
for P 1  

We now consider the case where the electron densi ty 
0 (x) or 0r show certain kinds of symmet ry  as demanded 
by  a space group• The mat r ix  p will be invar iant  
under a s y m m e t r y  operation T :  

0 = TO T - ~ .  (10) 

Operating the un i t a ry  t ransformat ion U on the ex- 
pression (10), we obtain 

The formulae (11) and (13) show t h a t  the mat r ix  F 
is doubly symmetric .  This corresponds to the well 
known result" 

2'1, = F _ h ,  (14) 

which holds in the case of centrosymmetr ic  structures.  
Corresponding to the two eigenvalues -4-1 of R given 
by (13), F is reduced to the direct sum of two par t ia l  
matrices F + and F- .  Namely,  in such a representat ion 
where R is diagonal, 

V R V - 1  = 

-1  01 
1 

• . : O 

1 
0 1: 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

° / 

V =  V-~= 1/i/2 

and 

i - 1  

- 1  

~o 

V F V - 1  = 

w h e r e  

1 

1 
1 

0 

1 1 

1 - 1  

0 

Dimension N +  1 

Dimension N 

1-  
1 

• °  

0 

-1 
- - 1  , 

i. .F+...! ....... ?....i / Dimension N + I  

0 F -  } Dimension N 

(15) 

(16) 

(17) 
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and 

F_ 

1 

2 N + l  

1 

2 N + l  

F o + F~ F 1 + F 2 F 2 + F 3 

F~ + F 2 F o + F 3 F 1 + F 4 

F 2 + F 3 E1 + F 4 Fo + F 5 

F ~v_a + F ,v_~ F ~v-2 + ,v-i F ~v_~ + F ~v I/2F ~v 

• . .  F~v_a+F~v_~ F~v_a+F~v F,v_2+F~v ~/2F2~_1 

• . .  F~v_a+F~v F~v_a+F~v F~v_a+F~v_x ]/2F~,_2 

° . . ° • . . . . . . . . . . . • ° ° . . . . ° ° • • • , , . . . • ° . ° . • • ° ° • ° • ° • • ° ° • • • ° ° • ° ° • • • ° . • • • • • ° • • 

F~,_3+F~_2 F~v_a+F~v_x F,v_s+F~v . . .  F o + F 6  F~+F5 F 2 + F 4  V2F3 

F~v_2+F~v_l F~v_3+F~v F~v_4+F~v . . .  F ~ + F  5 F o + F 4  F I + F 3  ~/2F 2 

F~v_~+F~v F~v_2+F~v .~N_3+.FN_I . . .  F 2 + F  4 F I + F  3 F o + F  2 ~/2F~ 

V2~ V2F~_~ V2F.~_~ ... 1/2~ V2F~ V2F~ Fo 

F o - F ~  F 1 - F  3 F 2 - F  4 . . .  F~v_3-F~_I  F~v_2-F~v F~v_~-F~v 

FI-F 3 Fo-F 4 FI-F 5 . . .  F~_4-F ~ FN_3--FN F2~_2-F~_I 

F 2 - F  4 F ~ - F  5 - F o - F  6 . . .  F ~ _ 5 - F ~  FI~_4-F~_I  F~v_3-F,v_2 

. . . . ° ° . • . ° • ° . . , . ° • • • • • • • • • • • • • • • ° • • • • • • ° ° ° ° • ° ° • • ° ° • • • • ° • ° • • • • • • 

F~_s-F~v_I  F~_a-F~v F~v_5-F,v • • • F o - F 5  F 1 - F 4  F 2 - F 3  

~'~v_2-Flv F~v_3--FN FN_4--F~v_I . . .  F 1 - F  4 F o -  . /~3 F 1 - F ~  

F # _ ~ - F ~  Fs_2-F~v_~ F ~ - a - - E N - 2  . . .  F 2 - F 3  F ~ - F ~  F o - F  ~ 

(18) 

(19) 

Since V is orthogonal, (17) is also Hermi t i an  a n d  non- 
negative• Let  us consider the case 2 / -+  oo. F h is 
pract ical ly  zero when h is very  large• Therefore, from 
(17), (18) and (19), the following inequali t ies will be 
obtained:  

(IV) (Fo±Fh+~,)(F0±Fh_h,) > ( F h ± F h , )  2 • 

The third-degree de terminants  of (20) include the 
only non-tr ivial  one, found by  de Wolf  & Bouman  
(1954), with respect to the  two indices h 1 and  h 2. 

-F(hl--hl)/2±-F(hl-l-hl)]2 -F(hl--h2)/2"-l--F(hl+hg_)/2 . . .  F(hl-hn)/2±-F(hl-t-hn)/2 

-F(h2--hl)/2±'F(h2+hl)[2 "F(h2--h2)/2±'F(h~.+h2)]2 ....F(h2-hn)/2±-F(h2+hn)]2 

F(hn-hg/2± F(hn+hD/2 F(hn--h2)/2±-l~(hnThg)l 2 . . .  -~(hn--hn)/2± F(hn+hn)12 

_> 0 (n -- 1 , 2 , 3 , . . . ) ,  (20) 

where (h~±hj)/2 are all integers. Rela t ion (20) is a 
general  type  of inequal i ty  for the structures possessing 
a centre of symmet ry .  

The de terminants  of the first degree of (20) give 
rise to the inequali t ies  

(I) Fo±Fh~ >_ 0 .  

The determinants  of the second degree, 

] F o i F h l  F(hl-h~)/2±F(h~+h~)/2 [ >_ 0 (21) 

F(h~-hl)/2± F(a2+hgl2 -Fo±-Fh2 

include all  of the well known results of Harker  & 
Kasper  in the case of centrosymmetr ic  structures.  
Pu t t ing  h 2 - 0, h 1 - 2h in (21), we can f ind the non- 
t r ivial  inequal i ty  

(II) Fo(Fo+F2h) > 2F2h. 

For even h 1 and even h 2, by  put t ing  h 1 - 2 h  and  
h 2 - 2h', we obta in  

(III) (Fo±F~h)(Fo±F~h,) >_ (Fh_h,±Fh+h,) 2 , 

and for odd h 1 and odd hg, by  put t ing  (hi-h2)~2 - h 
and  (hl+h2)/2 - h', we obtain  

This is obtained for the case h a --- 0, h 1 - 2h, h 2 - 2h' 
and for plus  sign: 

Fo+F2h Fh_h,+Fh+h, 2Fh 

Fa_h,+Fh+ h, Fo+F2h, 2 F  h, >_ 0 (22) 

2Fh 2Fh, 2 F  o 
or 

(v) [Fo(Fo+F~h)-2F~] [F0(F0+~2h,)-2~,] 
--> [F0 (Fh-h" + Fh+t~')-- 2FhFh'] 2. 

(I)-(V) are in accordance with the inequali t ies of 
Bouman  (1956). 

The authors  express their  hear ty  thanks  to Prof. 
I. Ni t t a  and  Prof. T. Watanabd  for their  k ind  discus- 
sions, and to Prof. K.  Hus imi  for his encouraging 
interest  and criticism. 
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